Two special classes of space-times admitting a non-null valence two
  Killing spinor by Bergh, Norbert Van den
ar
X
iv
:0
90
8.
14
63
v4
  [
gr
-q
c] 
 1 
Se
p 2
00
9
Two speial lasses of spae-times admitting a
non-null valene two Killing spinor
N. Van den Bergh
Ghent University, Department of Mathematial Analysis IW16,
Galglaan 2, 9000 Ghent, Belgium
E-mail: norbert.vandenberghugent.be
Abstrat. Non-onformally at spae-times admitting a non-null Killing spinor
of valene two are investigated in the Geroh-Held-Penrose formalism. Contrary
to popular belief these spae-times are not all expliitly known. It is shown that
the standard onstrution hinges on the tait assumption that ertain integrability
onditions hold, implying two algebrai relations, KS1 and KS2, for the spin
oeients and the omponents of the Rii spinor. An exhaustive list of (onformal
lasses of) spae-times, in whih either KS1 or KS2 are violated, is presented. The
resulting spae-times are eah other's Sahs transforms, in general admit no Killing
vetors and are haraterized by a single arbitrary funtion.
PACS numbers: 04.20.Jb
1. Introdution
The onept of a Killing spinor has its origins in the work of Walker and Penrose [31℄
who, in the lass D0 of Petrov type D solutions of Einstein's vauum eld equations with
osmologial onstant, demonstrated the existene of a valene two symmetri spinor
XAB, satisfying the onformally invariant (twistor) equation
∇A′(AXBC) = 0. (1)
The original signiane of suh a spinor is that its existene in a spae-time (M, g)
determines a onstant of the motion along any null geodesi. The existene of this
onstant of the motion in D0 may be equivalently derived from the separability of the
Hamilton-Jaobi equation for the null geodesis therein [5℄. Introduing the two-form
Dab = XABǫA′B′+X¯A′B′ǫAB, alled a onformal Killing-Yano (CKY) tensor, the equation
orresponding to (1) reads [12, 29℄
∇(aDb)c =
1
3
∇d(gabD
d
c −D
d
(agb)c), (2)
or, equivalently [1℄,
3∇cDab = 3∇[cDab] − 2∇dD
d
[agb]c. (3)
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As a onsequene these spae-times are also frequently alled CKY spae-times [10℄.
When the right hand side of (2) vanishes, Dab is alled a Killing-Yano tensor or a
Penrose-Floyd tensor [25℄. This happens if and only if XAB satises the additional skew
Hermitiity ondition
∇BA′XAB +∇A
B′X¯A′B′ = 0. (4)
A spae-time admitting a valene two Killing-Yano tensor will be alled a KY spae-time:
all these have been determined expliitly [7, 8, 18, 25℄. Note that a CKY spae-time
is not neessarily onformally related to a KY spae-time, as examples in [14℄ and [20℄
show‡. The square Kab = Da
cDcb of a KY tensor D is a Killing tensor (KT), namely a
symmetri tensor satisfying the equation
∇(aKbc) = 0 (5)
and giving rise to a quadrati rst integral of the geodesi equation. Similarly the
square of a CKY tensor is a onformal Killing tensor (CKT), namely a symmetri
tensor satisfying
∇(aKbc) = g(abkc), (6)
where kc is obtained by ontration of (6) with g
ab
. Conformal Killing tensors are of
interest inasmuh as they give rise to quadrati rst integrals for null geodesis. For the
sequel it is worth noting that, if Kab is a onformal Killing tensor, then so is Kab + fgab
with f an arbitrary funtion (both dening the same rst integrals of the null geodesi
equation). This implies that one an always assume Kab to be traeless, implying
kc =
1
3
∇mK
m
c. Note that the onverse of the property above not neessarily holds: not
every (onformal) Killing tensor is the square of a (onformal) Killing-Yano tensor and
onditions whih a (C)KT spae-time has to obey in order to be a (C)KY spae-time
have been disussed in [4℄ and [10℄. These onditions are satised for example in those
sublasses of the type D vauum solutions and the aligned non-null Einstein-Maxwell
solutions that admit a Killing tensor [17, 4, 28℄. In [3, 11℄ it was furthermore shown
that every type D CKT spae-time with a Killing tensor of Segre type [(11),(11)℄ is CKY.
The Weyl spinor of a non-onformally at spae-time admitting a non-null valene
two Killing spinor XAB is neessarily of Petrov type D with repeated prinipal spinors
aligned with the prinipal spinors of XAB [27℄, while the Weyl prinipal null diretions
dene geodesi shear-free§ null ongruenes. Heneforth I will all these KS spae-times,
to distinguish them from the more general CKY spae-times, for whih the Petrov type
also an be N or O. Obviously, as (1) is onformally invariant, KS spae-times an
only be determined up to an arbitrary onformal transformation of the metri. KS
‡ to add to the onfusion spinors satisfying (1) were termed onformal Killing spinors in [2℄ and [5℄,
while the name Killing spinor or Killing spin two-forms was reserved for spinors or their tensor analogues
satifying also (4). As explained in [14℄ it is better to refrain from this terminology.
§ this property also holds [9, 15℄ for the two null eigendiretions of any (onformal) Killing tensor of
Segre type [(11),(11)℄).
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spae-times neessarily inlude all those whih are onformally related to the Petrov
type D KY spae-times. The inlusion is strit: examples exist whih satisfy (1) but
not (4): they appear in the lasses D and D0 of solutions of Einstein's eletrova and
vauum eld equations with osmologial onstant for a non-null aligned Maxwell eld
as the Kinnersley Case III solutions [5, 6℄. A KS spae-time always admits a onformal
representant in whih the trae of the assoiated onformal Killing tensor is onstant.
In this representant the onformal Killing tensor beomes a Killing tensor, but, by
onstrution, has two onstant eigenvalues (the reason why this is so will beome lear
in setion 2). As the non-onstany of the eigenvalues plays an essential role in the
onstrution of appropriate oordinates [15, 14, 23, 24℄ and in the ensuing separability
properties, one may ask whether a onformal transformation exists whih preserves the
existene of the Killing tensor and whih leads to non-onstant eigenvalues (the so-alled
non-singular Killing tensors [16℄). In [14℄ the answer to this question was taken to be
armative, as a onsequene of the tait assumption of two integrability onditions,
introdued in setion 2 below as KS1 and KS2. The resulting list of anonial line-
elements of KS spae-times therefore turned out to be inomplete. This was partially
remedied in [20℄, where the extra line-elements were onstruted whih arise in the `I-N
family' of [14℄, dened by the vanishing of one of the spin oeients ρ or µ. In the
present paper the extra line-elements are onstruted whih arise in the general `family
I', dened by the non-vanishing of ρ, µ, π and τ , and by assuming that only one of the
two integrability onditions KS1 or KS2 holds. In order to fully exploit the symmetry
provided by the alignment of the prinipal null diretions of the Weyl and Killing spinor,
the Geroh-Held-Penrose formalism [13℄ is used throughout: the KS1 and KS2 families
are then eah other's Sahs transforms [13℄.
2. Preliminaries
Writing the Killing spinor as XAB = Xo(AιB) and using o, ι as the basis spinors for the
GHP formalism, the omponents of (1) imply (see [14℄ for details)
κ = σ = 0 (7)
and
ÞX = −ρX, (8)
ðX = −τX, (9)
together with their `primed versions' and X ′ = X, namely κ′ = σ′ = 0 and Þ′X = −ρ′X ,
ð′X = −τ ′X . >From (7), the appliation of the [ð, Þ] ommutator to X and the GHP
equations one nds that the prinipal null diretions of the Killing spinor and the Weyl
spinor are aligned, i.e. Ψ2 is the only non-vanishing omponent of the Weyl spinor. The
equations (7,8,9) are invariant under onformal transformations g → Ω2g, X → ΩX
and a onformal representant (M, gˆ) an be xed by imposing |Xˆ| = 1. In the manifold
(M, gˆ) we have then
ρˆ+ ρˆ = ρˆ′ + ρˆ
′
= τˆ + τˆ
′
= 0, (10)
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while in the (M, g) manifold with g = Ω2gˆ one has Ω2 = XX . The ases τ = τ ′ = 0
and ρ or ρ′ = 0 have been disussed in [14℄ and [20℄, so heneforth ρ, ρ′, τ, τ ′ will be
taken 6= 0.
Dening the trae-free tensor Pab = XABXA′B′ , or, with null vetors ℓa = oAoA′,
na = ιAιA′ and ma = oAιA′ ,
Pab =
Ω2
2
(m(amb) + ℓ(anb)), (11)
one sees that Pab obeys the CKT equation (6). This implies that Pab will be the trae-
free part of a Killing tensor Kab, provided a solution Kab = Pab +
1
4
Kgab exists of the
KT equation (5). Contration implies the neessary and suient ondition
∇aP
a
c +
3
4
∇cK = 0. (12)
In omponents‖ this beomes
ÞK − Ω2(ρ+ ρ) = 0, (13)
ðK + Ω2(τ + τ ′) = 0. (14)
or, in terms of the eigenvalues a = (Ω2 −K)/4 and b = (Ω2 +K)/4 of
Kcd = 2am(cmd) + 2bℓ(cnd) : (15)
Þb = 0, (16)
ða = 0. (17)
By (8,9) and Ω2 = XX this also implies
Þa = −(a + b)(ρ+ ρ), (18)
ðb = −(a + b)(τ ′ + τ), (19)
suh that (16,17,18,19) alternatively an be written as
da = −(a + b)[(ρ+ ρ)ω4 + (ρ′ + ρ′)ω3] (20)
db = −(a+ b)[(τ + τ ′)ω1 + (τ + τ ′)ω2], (21)
whih exhibits learly the relevane of the existene of a Killing tensor with non-onstant
eigenvalues for the onstrution of appropriate oordinates. It also beomes obvious
now, as mentioned in the introdution, that all KS spae-times admit at least one
onformal representant (namely (M, gˆ) or its onstant re-salings) in whih a Killing
tensor exists, but that by (10) this partiular Killing tensor has onstant eigenvalues.
If one assumes that there is a non-trivial onformal representant in whih a and b are
not both onstants, i.e. if one assumes that non-onstant solutions exist of the system
(16,17) or (20,21) then extra integrability onditions result (namely dda = ddb = 0). It
is preferable to study these equations in the (M, gˆ) manifold, where theˆsymbol from
‖ there is a sign dierene with [14℄, whih is probably due to the use of a dierent signature onvention;
I use ℓana = 1 = −m
ama. The orrespondene with the Newman-Penrose operators and the basis one-
forms is taken as (ma,ma, na, ℓa)↔ (δ, δ,∆, D) and (−ma,−ma, ℓa, na)↔ (ω
1,ω2,ω3,ω4)
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here onwards will be dropped: the remaining spin oeients are then ρ, ρ′ and τ = −τ ′.
Under the onditions (10) the integrability onditions for the system (8,9) simplify to
Þ
′ρ− Þρ′ = 0, (22)
ðτ ′ − ð′τ = 0, (23)
Þτ ′ − ð′ρ = 0. (24)
The GHP equations, together with the diretional derivatives of (10), redue to the
system
Þρ = 0, (25)
ðρ = 2ρτ + Φ01, (26)
Þτ = 2ρτ + Φ01, (27)
ðτ = 0, (28)
Þρ′ − ðτ ′ = −ρρ′ − ττ −Ψ2 −
1
12
R (29)
and impose the following restritions on the urvature:
Φ00 = −ρ
2,Φ02 = −τ
2. (30)
All these equations are to be onsidered as being aompanied by their omplex
onjugates as well as their `primed versions' (taking into aount Φ′00 = Φ22, Φ
′
02 = Φ20,
Φ′10 = Φ12 and (10)). The remaining derivatives of the spin oeients are related by
(22,23), while (24) beomes an identity under (26, 27'). Also (23) and (29) imply that
the real part of
Ψ2 = E + iH (31)
an be written as
E = −
R
12
− ρρ′ + ττ ′. (32)
It is advantageous now to introdue 0-weighted quantities u, v (real and with u′ = u,
v′ = v) and φ, φ′ (omplex) for the remaining urvature omponents as follows:
R = 8(u− v)− 16ρρ′, (33)
Φ11 = u+ v − 2ρρ
′, (34)
Φ01 = −3ρτ − 2
ρ
τ ′
φ. (35)
Under the
′
operation this also implies Φ21 = −3ρ
′τ ′ − 2ρ′φ′/τ .
The integrability onditions for the system (16,17) beome then
ρ′Þa− ρÞ′a = 0 (36)
and
τ ′ðb− τð′b = 0. (37)
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Ating respetively with ð and Þ,Þ′ on (36) and (37) and eliminating the seond
order derivatives by means of the [ð(
′), Þ(
′)] ommutator relations, results in two more
onditions,
ρ′φ
′
Þa + ρφÞ′a = 0 (38)
and
τ ′φðb+ τφð′b = 0. (39)
All further derivatives being identially satised, the neessary and suient onditions
for the existene of a non-onstant b or a are now learly seen to be given by
KS1 : ∃ non-onstant b⇐⇒ φ+ φ = φ
′ + φ
′
= 0, (40)
KS2 : ∃ non-onstant a⇐⇒ φ+ φ
′
= 0. (41)
The orresponding spae-times will heneforth be alledKS1 orKS2 respetively. While
the set KS1 ∩KS2 has been dealt with in [14℄ (both onditions taitly being assumed
to be valid), it is at present not known whether or not KS1 ∪ KS2 yields the full set
of KS spae-times. The purpose of the present paper is restrited to onstruting all
spae-times in whih only one of the two onditions is satised. As a onsequene these
spae-times should belong to the sub-lasses with one onstant eigenvalue of the Hauser-
Malhiot CKT spae-times [16℄. Atually, as it was proven in [3, 11℄ that every type D
spae-time admitting an aligned onformal Killing tensor of Segre type [(11), (11)] is
neessarily CKY, it follows that (KS1 \KS2)∪ (KS2 \KS1) ought to be exatly the set
of Hauser-Malhiot spae-times with one onstant eigenvalue. As the metris found in
paragraphs 3 and 4 below ontain only one arbitrary funtion, this raises some doubts
about the orretness of the results in [16℄.
Introduing 0-weighted extension variables U (real) and V (omplex), in aordane
with (22), by
Þρ′ = Þ′ρ = −iU, (42)
Þ
′φ = ρ′(2
φφ′
|τ |2
+ V ) + i
Uφ
ρ
, (43)
the Bianhi identities may be suintly written in the following form:
Þφ =
2ρ
|τ |2
(|τ |4 − |φ|2), (44)
ðφ = −
1
τ ′
(2|τ |4 + iφ(U −H)− 2φ2), (45)
ð
′φ = −2
|φ2|
τ
− τ ′(2φ+ 2φ+ ρρ′ − 2v +
i
2ρ
ÞH), (46)
Þu = ρ(φ − φ− 3iH), (47)
ðv =
ρρ′
τ ′
(φ− φ
′
) + iτ(H + 2U), (48)
ðH = 2iτ(|τ |2 + 2u− 4ρρ′)− 2i
ρρ′
τ ′
(2φ+ 2φ
′
+ V ). (49)
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Again these equations are aompanied by their primed versions, taking into aount
U ′ = U, V ′ = V and H ′ = H . Applying the ommutators involving Þ′ρ and using (42)
yields two further relations, namely
ÞU = 2iρ(ρρ′ + 2φ+ 2φ− 2v − 2|τ |2), (50)
ðU = −2i
ρρ′
τ ′
(2|τ |2 + V ). (51)
Herewith all `rst level' integrability onditions on ρ, ρ′, τ, τ ′ are identially satised.
The next step is to onstrut the `seond level' integrability onditions by applying the
ommutators to φ, u, v,H and U .
When neither of the onditions KS1 nor KS2 hold, arrying out this proedure to
the end results in a Pfaan system for the involved variables, together with a set of
algebrai relations among the latter. So far it has not been possible to omplete the
integrability analysis of this system. In the next two paragraphs all spae-times will be
onstruted whih belong to KS1 \KS2 or to KS2 \KS1.
3. KS1 \KS2
Consider spae-times in whih ondition KS1 holds, but not KS2. A tedious but
straightforward alulation, involving suessive derivations of (40) and the 'seond level'
integrability onditions mentioned above, one obtains the following integrable system:
Þρ = 0,
Þ
′ρ =
2ρρ′
|τ |2
(φ+ φ′),
ðρ =
ρ
τ ′
(|τ |2 − 2φ), (52)
Þτ =
ρ
τ ′
(|τ |2 − 2φ),
ðτ = 0,
ð
′τ =
2ρρ′
|τ |2
(φ+ φ′) + iH, (53)
Þφ =
2ρ
|τ |2
(|τ |4 + φ2),
Þ
′φ =
2ρ′
|τ |2
(|τ |4 − φ2 + 2φφ′),
ðφ =
1
τ ′
[iφH − 2|τ |4 +
2ρρ′
|τ |2
(φ2 + φφ′) + 2φ2],
ð
′φ =
1
τ
[iφH − 2|τ |4 +
2ρρ′
|τ |2
(φ2 + φφ′) + 2φ2], (54)
ÞH =
2ρ
|τ |2
[2iρρ′(2|τ |2 + φφ′ − φ2) + φH + 4i|τ |4], (55)
ðH = −8iτ(|τ |2 + ρρ′)− 4i
ρρ′
τ ′
(φ− φ′)− 6iτE, (56)
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ÞE = 2iρH − 8ρφ− 4
ρ2ρ′
|τ |2
(φ+ φ′), (57)
(τð′ − τ ′ð)E = 4
ρ2ρ′2
|τ |4
(φ2 − φ′2) + 2i
ρρ′
|τ |2
H(φ− φ′). (58)
Introduing 0-weighted real variables r and m by
r2 = Qρρ′, m = |τ | (Q = ±1) (59)
and writing φ = m2r−2φ0, φ
′ = m2r−2χ0, one sees that φ0, χ0 are (imaginary) funtions
of r given by
dφ0
dr
=
dχ0
dr
= 2
φ0χ0 + r
4
r(φ0 + χ0)
, (60)
while (52-53) yield the exterior derivatives of r and m as
dr = (φ0 + χ0)[
m
r
(
τ
m
ω
1 −
m
τ
ω
2) +Q
r
ρ
ω
3 +
ρ
r
ω
4], (61)
dm =
i
2
(2iQ(φ0 + χ0)−H)[
τ
m
ω
1 −
m
τ
ω
2] +
2m
r
[Q
r
ρ
χ0ω
3 +
ρ
r
φ0ω
4]. (62)
Note that the denominator in (60) is 6= 0, as otherwise φ20 = r
4
whih is in ontradition
with φ0 being imaginary. Integrating (60) yields
χ0 = φ0 − 2ic1, (63)
(r2 − c2)
2 − (φ0 − ic1)
2 = c21 + c
2
2, (64)
c1, c2 real onstants with c1 6= 0 and |r
2−c2| <
√
c21 + c
2
2 in order to have φ, φ
′
imaginary.
By (16,37) one has
db = i(
τ
m
ω
1 −
m
τ
ω
2)B. (65)
and hene
dr ∧ dm ∧ db = 2iBQ
m(φ20 − χ
2
0)
r
(
τ
m
ω
3 ∧ ω4 ∧ ω1 −
m
τ
ω
3 ∧ ω4 ∧ ω2) 6= 0, (66)
showing that one an use r,m and b as oordinates. As B satises the same equations
(16,37) as b, it follows that B = B(b), allowing one to redene b suh that B = 1.
Dening a fourth oordinate x by
1
2
(
τ
m
ω
1 +
m
τ
ω
2) = h1db+ h2dr + h3dm+ dx, (67)
the equations (55,56) imply
dH = Σ1(b,m, r)db+ (16Qc1mh2 + Σ2(b,m, r))dr
−(16Qc1mh3 −
H − 4Q(c1 + iφ0)
m
)dm− 16Qc1mdx, (68)
showing that
H = −16Qc1mx+ 2iQ(φ0 + χ0) +mH0, (69)
with H0 = H0(b, r,m). It also follows that h2 is a freely speiable funtion of b, r and
m (using a translation of x). Choosing h2 = −mr/[4Qc1(c1 + iφ0)], (68) shows that
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H0 = H0(b,m), suh that h3 an be made 0 by a further (b,m)-dependent translation
of x. Herewith (68) eventually beomes
dH0 + u0db = 0 (70)
with
u0 = 16Qc1h1 − 4u−
1
2
H20 + 16Qc1xH0 + 6m
2 − 128c21x
2 + 12Qr2, (71)
showing that H0 = H0(b) and u0 = u0(b). It remains to determine the funtion E (or
u) from (57,58) in order to obtain h1 from (71). One readily nds
h1 =
xH0
2
−Q(4c1x
2 +
m2
4c1
) + F, (72)
where F = F (b) an be made 0 by a b-dependent translation of x and a orresponding
re-denition of H0. This gives the following expression for the dual basis (ρ, φ0 and χ0
being imaginary):
τ
m
ω
1 = dx+
iQmr
4c1(φ0 − ic1)
dr + (
H0x
2
− 4Qc1x
2 −
2ic1 +Qm
2
4c1
)db, (73)
1
ρ
ω
3 =
iQ
4c1
(
dm
m
−
φ0
φ0 − ic1
dr
r
) + i(Q
r2H0 − 4miφ0
8r2c1
− 2x)db, (74)
ρω4 =
ir2
4c1
(−
dm
m
−
χ0
χ0 + ic1
dr
r
)− i[
r2H0 − 4miφ0
8c1
−m− 2Qr2x]db, (75)
implying
R = −12(Qr2 +m2 + E), (76)
E = −2m2 −
8
3
Qr2 + 32c21x
2 +
1
12
H20 −
1
6
dH0
db
− 4Qc1xH0 −
4Q
3r2
φ0χ0, (77)
H = (H0 − 16Qc1x)m+ 2iQ(φ0 + χ0), (78)
Φ00 = −ρ
2, (79)
Φ22 = −
r4
ρ2
, (80)
Φ11 = −
9
2
Qr2 −
7
2
m2 −
3
2
E −
4Qφ0χ0
r2
, (81)
Φ01 =
ρτ
r2
(2φ0 − 3r
2), (82)
Φ12 = −
Qτ
ρ
(2χ0 + 3r
2), (83)
Φ02 = −τ
2. (84)
4. KS2 \KS1
The analysis of the spae-times belonging to KS2 \KS1 proeeds along the same lines,
but is greatly failitated by notiing that the onditions (16,17) are transformed into
eah other under the Sahs [13℄ asterisk operation Þ
∗ = ð,Þ′∗ = −ð′, ð∗ = −Þ, ð′∗ = Þ′.
The same of ourse holds for the pairs of integrability onditions (36,37), (38,39), (40,41).
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This beomes obvious after writing down the Sahs-transforms of φ, φ and φ′ (reall that
omplex onjugation and the Sahs-operation do not ommute):
φ∗ =
ρρ′
|τ |2
φ, φ′∗ =
ρρ′
|τ |2
φ′, φ
∗
=
ρρ′
|τ |2
φ
′
, φ
′∗
=
ρρ′
|τ |2
φ. (85)
Dening oordinates r and m as in (59) one now nds φ = φ(m), with
φ+ φ = 2c1 6= 0, (86)
and
(φ− c1)
2 − (m2 − c2)
2 = c21 − c
2
2. (87)
Here c1, c2 are real onstants and |m
2− c2| <
√
c22 − c
2
1 in order to obtain (86). Without
further ado the results are presented below (ρ and φ− c1 being imaginary):
τω1 =
m2
4c1
(
dr
r
−
φ− 2c1
φ− c1
dm
m
) + [−Q
4iQrφ −m2H0
8c1
+ i(r + 2iQm2x)]da, (88)
r
ρ
ω
3 = −iQdx +
mr
4c1(φ− c1)
dm− i(
H0x
2
− 4c1x
2 −
r2
4c1
+Q)da, (89)
ρ
r
ω
4 = idx−Q
mr
4c1(φ− c1)
dm+ i(
H0x
2
− 4c1x
2 −
r2
4c1
)da, (90)
implying
E = −2Qr2 −
8
3
m2 + 32Qc21x
2 +
Q
12
H20 −
1
6
dH0
da
− 4Qc1xH0 +
4Q
3m2
φφ, (91)
H = (H0 − 16c1x)r + 4i(φ− c1), (92)
Φ11 =
9
2
m2 +
7
2
Qr2 +
3
2
E −
4φφ
m2
, (93)
Φ01 =
ρτ
m2
(2φ− 3m2), (94)
Φ12 = −
Qr2τ
m2ρ
(2φ+ 3m2), (95)
with the expressions for R,Φ00,Φ22 and Φ02 being idential to those of the previous
paragraph.
As the Sahs transform destroys the reality onditions on the null-tetrad, it
is to be expeted that the two solution families will be related by a omplex
oordinate transformation, in ombination with a possible omplex transformation of
the parameters and the free funtions. Indeed suh a transformation exists and one an
verify that the KS1 line-elements are obtained by applying the following operations to
KS2:
r → mQ−1/2, m→ rq1/2, a→ bQ1/2, x→ −iQ1/2x+ g, (96)
c1 → iQc1, φ→ qφ0, h0 → Q
1/2h0 − 16qc1g, (97)
with g(b) a solution of
2g′ +Q1/2 − ih0g +
8ic1
q
Q−1/2g2 = 0. (98)
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5. Summary
All KS spae-times are onstruted in whih one of the integrability onditions (40,41)
(both of whih were assumed to be valid in [14℄) are violated. This leads to the
onformal lasses of KS1 and KS2 spae-times disussed in paragraphs 3 and 4. Eah
of these lasses is haraterized by a single arbitrary funtion (H0). In general none
of the orresponding spae-times admits any isometries (when H0 is onstant then a
one-dimensional group of isometries exists), but has a onformal representant (M, gˆ),
admitting a Killing tensor with preisely one onstant eigenvalue. The expliit form
of the resulting spae-times raises doubts about the orretness of the Hauser-Malhiot
metris [16℄ admitting a onformal Killing tensor with one onstant eigenvalue. It is an
open problem whether the lasses KS1 and KS2, together with the metris presented
in [14℄ and [20℄ exhaust the full set of KS spae-times. There is also no guarantee that
the lasses KS1 and KS2 disussed in the present paper have a onformal representant
possessing any physially interesting interpretation. These issues will be dealt with in
a forthoming publiation.
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